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TALLINNA POLUTEHNILISE INSTITUUDI TOIMETISED 
TPYEN TA]]MHCKOro ITOflMTEXHfiqECKOrO HHCTMTY~A 

I973 

Y.llK 5I9.48 

H. Xemw 

CBOEO,I(Hb!E 5? -CHCTfl'vlLI 

ilyCT:b Q - 06.JIBCTL (MOJKeT 6hiTL, IIyCTM) OIIepaTOpOB, 

T, e, CHMBOJIOB orrepao;m1, 5( m - COBOI<YIIHOCT:b BCeX m -apHh!X 

onepaTOPOB :33 51. EcJIM S = (G, 51) - YHMBepCaJILHBJI Ml'e6-

pa c o6Jiacnro oneparum ~ ( S1 -aJire6pa), TO o6osHatJH.M pe-

3YJILTaT npHMeHeHMJI OIIepao;MH We. S1 m, m > 0 K 9JI8M8HTBM 
w 

X I , ... ' X m E. G '1epes [ )( ' (.I'IJIH -qepes x, ... Xm w ) ,a aJie-

M8HT, OTM8'l8HHb!H B S onepaWfei1 'J E. Qo , 'lepea 0..., (I1HO!',I48 
~ 

qepes 0" ) • 

ilyCTL J - HeiiyCTOe IIO,I4MHOJK8CTBO MHOJK8CTBa BCeX qe~x 
HeOTpHUaTeJILHb!X 'lHCeJI, J =fo {0}. l1yCT:b J = J \ { 0} (eCJIM 

0 ¢ J, TO J =J ), Ha30B8M COBOKYIIHOCTL Jl ={Jln,ne.J} He

nepeCeKaiDzmtXCR 51 -aJire6p Jln= (An ,51) 5l -cHCTeMo~ (npn 

0 rt J a To onpe,I4eJieHHe IIpHBO.I4MT K paccMoTpeHHb!M B [I] 5~ -
CMCT8MaM MeHrepa), 8CJIH ,I4JIR JII06h!X n E. J, mE. J BCRKHX X

1
, ... 

• • • ' Xm E. An' 'j E. Am COIIOCTaBJieH aJieMeHT x, ... Xm':J E An M 

Bh!IIOJIHR!OTCR T0~8CTBa 

X, .. · Xm(y, .. · ylz) = (ll, ... XmYtl ... (x, ... XmYd 7., 
(I) 

w w 
X, ... Xm'[_y, = L_x, ... XmYl• (2) 

m n 
X, ... XmO..., =D..., (3) 

n m -
npH JII06hlx X~, 0'~ E.An.ne.J, y,, D..., E.Am, le.AL, m, Le.J, we.Q. 

llpHMepaMH Q -cncTeM RBJI.RIDTCR IIOJIYl'PYIIIIhl (J = { f}, 51=cil ), 

KOJILI(a ( J = [ 1}, Q = {+ ,-} ), IIOJIM!'OHb! (J = { 0, l}, Q = ¢) · llpH 

Q = ¢, 0 ¢, J Q -GHCTeMa H83I:lBa8TCR CHCT8MOH ivleHrepa [I], 
IIPH J = {m }(m>D) m -apHb!M Q -KOJihl.lOJI.nOM, np.a J = { m}, 
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(m > 0), Q=¢ m - no.nyrpyrrno.H .HJI.B onepaT:HBOM MeHrepa. 

Ha30BeM 52 -cHeTeMy Jl = {J\n, n E. J l ilO.l{eHeTeMOH S(.-

eBeTeMhl J.:> = {:P.lm, mE.J}, eeJIH J ~ J Bee Jl, .FIBJIH!OTeH ~ -

-UO.l{8JII'e6pruvur B ~, I1 !13 X 1 , ••• , X mE. An , n e. J , y e. B m , m e: J 
CJie.l{yeT X, .. • x my e. An · 

fOMOMOP<fl.H3MOM 5? -cBCTeMhl .A ={.fl,,ne.J} B 

B = { B rn, m e. J} (roMOMOP<fJB3M orrpe.l{eJieH TOJibKO np.~:~ 
3h!BaeTeJI TaR:aH eOBOKynHOCT:b 't: = { -c,, n e.J] 

'i:'11 : Jl n- B n, '>TO 

( ) 't'n 'tn 't'n 1:m X1 ... xmy =X, .•• )l.rn y , 

w "C w "C 

(L.xcl"=L.x,", 

T, Q 
0 = 'I· v 

Q -cBeTeMy 

J .:s: J ) Ha

OToopa;r:eHM.~:~ 

(4) 

(5) 

(6) 

KoHrpy3HQMetf Q -clJCTeMhl Jl ={A,, n e.J] H83h!Ba8TC.FI Ha-

6op ~ = { ~n, n E. J} Konrpya.HQ.H~ ~" Q -a.III'e6p An , ecJm 113 
' A ' A J J ' ' I x,, XL E: ,, y, y E. m. nE. , me. , x,~x 0 , ~=t, ... ,m, y~y eJie.l{y-

eT (X 1 ... Xm'j) ~n (X',· .. X' my'). 

06h!'IHUM 06pD30M OI!pe.l{e.JIHeTC.FI nopo~eHHa.FI MHO~eeTBOM X 
IIO.l{eMeTeMa Q -cHeTeMh! - 8TO ee MHHHMaJrbHa.FI IIO.l{eHeTeMa, CO

.l{epJKallla.FI X. EcJIH X - UOpOJIU{aroillee MHO~eCTBO 5( -eUCTeMH Jt = 

={Jt,, ne.J}, To X,=XnA,'F ¢ rrpg Be.R:KOM ne.J, H6o 
eCJIM X SUA,, J,< J, J, 'I= J , TO X CO,l(epJJWTC.R: B HCTHHHo.H nE.J, 

IIO.l{eHeTeMe :ft, ={.A,,ne.J,} CHCTeMh! :ft H, CJie.l{OBa.Te.llbHO,He MO

~eT 6h!T:b rropo~ MHoaecTBOM .l(JII1 1t • 

HaaoBeM Q -c.HcTeMy A ={JI,,ne..J} CBo6o.l{Ho.H (TO'IHee, 

CBOOO.l{HOJ1 B KJI8CCe BCeX Sl -QHCTeM) Ha,l{ MHoaeCTBOM o6pa3YJO-

UjiDC . X = (X,, n e.J}' X,"' An ) €CJIH ,l(JII1 BC.R:KOH S1 -c:acTew 

.B = { B n, n e. J } JI!OOoe OTOOpaaeHHe -c = { -c n ' n E. J } ' -c; n ; X,- B n 

O.l{H03H8'1HO IIpO.l{OJIJIWMO .l{O rOMOMOpPH3M8 ~(-c) : Jt ~J.> · 

llyeT:b X= {X,, n e.J} - I!pOB3BO.IIDHOe MHO~eeTBO, B KOTo-

POM .l{aHo paac>HeHMe Ha HerrycTh!e Henepece~mMeC.FI no.l{MHoaeer

Ba X,· Orrpe.l{eJmM HIUzyKTHBHo MHoaecT:sa. W,()<.) CJIOB w (Ha.l( X) 
H Bee h ( W) Ka.1JU!Oro CJIOBa W. 
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Orrpe,n;eJreHMe I. 

I. I, TipM BCHKOM n e. J BCe CHMBOJihl X E. '/.. n JIBJIF!IOTC.FI CJIO-

B8UH Bee a 1 H3 W, (X). IIpM BCJIKOM n E.J M ,nJIR BC.R:Koro 'I e..Qo 

CllMBOJI 0~ J'IBJIFieTCJI CJIOBOM Beea 1 .113 Wn(X). 

8TMM nee eJiona Beca I H3 Bcex MHoaecTB w, (X) orrpe,n;e-

JieHH, ITyCTh H8Typ8JihHOe 'IHCJIO h > t H BCe CJIOB8 H3 BCeX 

MHO~eCTB W,(X), n e.J neca MeHbrne h ~e orrpe,neJieHh!. 

I. 2. EcJIM w10 ••• , Wm E. W,(X), n e.J, w E.Stnl m>O, mpx h(wol=h-l, 

w 
TO Bh!p~eHMe L w' ecTh CJIOBO ma w n ()(.) Beca h. 

I.3. EcJIHw, ... ,wm€W,()(),n"-J,xe.Xm,m> 0, max hlw;.)= h-1, 
h . TO Bhlpa.J!teH.I:Ie W1 ••• WmX eCT:& CJIOBO L'I3 W,C:J..) BeCa 

.., 
Ha30BeM C~OB8 BH.l{8 L.w; CyMMaMH, BH.l{8 w, ... WnnX 

.., w 

IIpOIII3Be,l{eHH.ffMH, 0603Ha'lliiM E..([ Wi,) = W 1 e.,([ Wt)=wc (wEQm, 

~=l, ... ,m), E..(w, ... wmx)=X, f.c(W 4···WmJI.)=W•· 

CJIOB8 w, w' e. W,(X) .R:BJIRIOTCJI p8BHhiMH ( W = w') TOJibKO I!p>'l 

htwl = h (w') no cJie.ny!OilleMY HH.1JYKTHBHOMy orrpe,n;eJieHJIIJD, 

Orrpe,n;eJieHk!e II. 

II. I. EcJIH h(w)- hlw') =I, TO W = w' TOr,n;a H TO.IlbKO TOr-

,n;a, Kor,n;aJIHOo w=o:.w·=o~ 11 'I=)J, JIH6ow,w'EXn H w,w' 

p8BHH K8K aJieMeHTH MHOaeCTB8 X n · 

liyCT:b H8Typ8JibHOe 'IHCJIO h > I H paBeHCTBO yJKe orrpe,n;e

JieHO BO BCeX C.JIY'IMX, KOr,n;a h ( W) = h (W
1

) <h. 

Il.2. EbJIH h(w)=h(w')=h, TO W=W
1 

TOr,n;a H TOJibKO TOr

,n;a, Kor,n;a JIHOo w, w' o6e cyMMhl Iii e..(w) = E..(w'), t-,(w) = E.i.lw'l, 

~ = 1, ... , m, Jm6o w,w' o6a npoH3Be,n;eHHH t..(w) = t.(w'), 

E.,(wl = t•lw'), ~=t, ... ,m· 

Ec.mi m =F n, TO W, (X) n WmlX) = ¢ · 

Orrpe,n;eJIHM H8 BCeX MHOJKeCTBUX Wn ()(.) rrp.ll: IIOMOIUH I. I H 

I. 2 oOh!'IHhiM oopaaoM Bee orreparnni H3 Q . I<poMe Toro, co

nocTaBHM BCRKHM w,, ... ,WmE.W,(X), WEWm(X),ne.J, me.J HH,IJy.KlU!efi 

CJIOBO w I .••• w m w E. w n (X). KOTopoe H830BeM rrpOH3Be.n;eHHeM CJIOB 

w,, ... ,wm,W· 
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Orrpe.n;eJieHHe Iil. 

Iil.I. Ec:JIJil h(w)=i H WE.Xm, TO ITpOH3Be,n;eHHe paBHO 

m m ., 
CJIOBY W1 ... WmW, 8CJm JK8 W= 0'~, TO f!OJIVJK}l.'l/1 Wt···Wm 0'~ = 0..,. 

ITycT:o HaTypaJibHoe q11cJio h > 1, h(w)=h 11 npoH3Be.n;eaze 

YJKe orrpe.n;eJieHo BO Bcex cJiyqaRx, Kor,n;a h (w) <h. 
w w 

!!1,2. Ec:Jl}l WE. L v,, TO IIOJIOlKF!M W1 .. ·WmW =[ W
1 
... WmVc. 

DJ. 3, Ec:Jm W= V1 ... v, X, TO TIOJIOJK}lM W, ... Wm W = (W, ... wm VJ) ... 

... (w,. 00 wmv,) x. 

TeopeMa I. COBOKYIIHOCTb WJ(X)= {Wn(X), n E.]} MHOJK6Cl'B CJIOB 

Wn(X) RBJifieTCR 2 -GHCTeMOJd, CB060,nHOM Ha,n; MHOJKeCTBOM 06pa-

3YJOfiU.!X X. 

.lJ:OKa3aTeJibCTBO, ilORaJKeM CHaqaJia, '1TO W J()( \ - Q -0.11-

CTeMa, T.e. B HeM BHIIOJIHRIDTCR TOJK.Il;eCTBa (I)-(3). 

ToJK.IJ;ccTBa ( 2) 11 ( 3) cJie,eyJOT 113 orrpe,neJieHHi! lli. 2 11 r;r. I. 
ilOKaJKeM HH.II.YKUHC.t.i no h (7.), qro B WJ(X) BLlHOJIHHeTcJI TolK-

.n;ecTBO (I). 

llpll h(2) = 1 (I) cJie.n;yeT H3 orrpe.n;eJieH11:tl lll.I 11 IU.3. 
llyCT:b HaTypaJibHOe '1.11CJIO h > l, h (2) = h .l1 (I) yJKe .Il;ORa3aHO 

BO BC ex CJiy'13RX, ROr.n;a h ( 2) < h · Tor,na !Iplil 7.= w, ... WK X .11M8-
8M 

x,. 0 0 Xm ( y, ... y' z) = XI ... )(m ((yl ... y, w.) ... ( Y• ... y c WK) x) = 

= (x, ... xm(y, ... y,w,).• ... (x, ... Xm(y, ... yLwK))x, 
(X, ... Xm y,) ... (X, ... Xm yc) l = ( (x, ... Xm y 1) ... (X, ... Xm y,) w,} ... 
... ((x,.ooXmj 1) ... (x, ... X mYel wK) X, 

HO BBH.n;y h ( w c) < h, i, = f, ... , K IIO rrpe,nnOJIOJKeHHID .11H.Il;yKU.l1.11 

X 1 • • • X m ( y, ... y, w c ) = ( X 1 • • • X m y 1 ) • • • (X, . · . X m y L) W i. . TJPM 
w 

z -- LW' .Il;OKa3aTeJibCTBO aHaJIOrll'1HO, 

!13 orrpe,n;eJieirnti I 11 I:i JiCHO, qTo X -MHOJ!<eCTBo o6pa3yro-

U{HX Q -c.acTeMhl WJ(xl. OcraeTcR .n;oRa3aTb, '1TO WJ(X) 

CBGdO,n;Ha Ha,n; X. llycn Jt = {Jln, n d} - ITPOM3BOJI:OHM 51 -cM-

CTeMo,T={"t:.,,ne.J}, T.,:X.,-.A., - OTo6paJKeHM8 MHOJKeCTBa X B 

CHCTE:My .A • lloKaJKeM, qTO T O.IJ;H03Ha'1HO r:pO.IJ;OJIJK}lMO .IJ;O rOMO-

MOJ;lftH13NJa ~ = ~("t): WJ(X) -:IT. 

Supe.n;eJI}lM ~ M:l.Il;.YRUM8M ITO BeCy CIOB. liOJIOJK}lfv'l X~ = X "t: 

.IIJIJI K ex x E. X, ( 0 ~ ) ~ = 0: . Ecm1 Ha Typa.JI:oHoe qHcJio h > 1 , 
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I 
I 

I 

" 

h (W) = h Jll .IJ;J!R BCeX CJIOD H3 W(X) BeCa MC.I:Olile h 
w 

OTO

W ~ == 6palK8EHe ~ }''£.8 orrpe,n;eJICHO, TO rrp11 W = L We f!OJIO;K11M 

w ~ 

LW, 11 fiPH W= W1 ···WmX ITOJ10lKl1M WV=w~ ... w~ X~ 

Herrocpe.nc TB8HHO .113 orrpe,neJieH.I1R CJI8.nY!OT ( 5) , ( 6) , H T0'1HO 

TaR JKe, Kai: Bhllll8 TIPH ,nOK333T8JibCTB8 TOJK.IJ;8C TEa (I) , MOlKHO 

IUI.nYKULletf ITO h IIOI<a33Tb, '1TO (4) TOJKe BblilOJ!Hil:8TCR, T.e. 

~- ro;,JONiOptp.li3M, 

llpe,nnoJioJKHM, qro cymecTByeT eme roMoMopep.113M rc: IAJ(x)- B 

TaROH, l.JTO Tt # ~, X'll: = x" np11 BC8X X E. 'f.... ilyCTb W - CJIO

BO H3.11MeHblli8PO Beca cpe,n.11 BC8X CJIOB .113 W(X), ,n.Jili KOTOpbiX 

Wrci'W~. TaKKaK 'f..."=i"=)(,l',(o~f"=D~=DL TO h(W)>1· llp.11 

w 1( w 1t' 
W=L.w~ MMeeM w =L.w,, np:vr 

1t 
W=W, .. ·WmX llM8eM W = 

Tr 1r TL h( ) h = W1 .. ·WmX 11 T3K K3K We < , 

W'Jt'= wl', T.e. 'Jt' f. ~ H8BepHO, 

TO W~ = W~, CJie.IJ;OBaTCJibHO, 

TeopeMa ,noKasaHa. 

ilyCTb 2 = {In,n E. J} - COBOKYIIHOCTb H8IIYCTHX Herrepece

Kai.OII{ZXC.ff MHOJKeCTB 2 n , Tf'.KaR, '1TO 2, Co,neplK}lT T0'1HO .Il;Ba 

aJieMeHTa 7. 1
1 

, 7. ~ ( ecJm 1 E. J : ec.Jm 1 f J , TO I 1 nyc-

TO) , a BC.ffKOe I m, m E. J , m > 1 - O,nHH 3JieMeHT Z. m · 
- m 

0rrpe.n;eJI.I1M BO BC.liKOM MHOJK8CTBe Wm(2). me.J CJIOBa V~ , 

u~,t=f,'/., ... 

Orrpe,neJieHHe IY. 

1 1 m · m -
IY. I. IIoJIOJKHM u 1 = 7. , , u 1 = 7. , m E. J , m > ~ . 

m m -
IIycTb t > 1 H CJIOBa u 41 00. ,ut_

1
,m E.J YJKe onpe.n;e;reHH. 

itt m m m mrn m m rnm 
IY.2. TioJIOJKHM u~=ut_1 7. 1 ,u~=Ut_ 1 u 1 ... u 1 U 1 =Ut_

1
"Z. ... 7. z.,m>1. 

t 
I I I 1 ! 

IY.3. lloJIOlKF!M ITP11 Bcex =1,2, ... , qTo v~= ut+ 2u,=ut+2 7. 1 , 

tn m m m m m m m m m m 
vi = ut+"l. u 2 u, ... u 1 u 1 = ut+"l. u2 1. ... 2 2 , m > 1 . 

113 orrpe.n;eJieHHR IY .11H,eyK1!.11eH ITO t JIBri\0 BbiBeCTH, '1TO 

h(w
1 
... wm u;) = m~x h(w,) + t, h(w, ... wmvn =ma)l.h(w,)+t+:'l rrp11 

; L 

JilO-

6b1X Wp .. ·,WmE. Wn(l) n,me.J. 0TCJD.l(a CJie,nyeT, '1TO v; = Vp TOJib-

KO rrp.11 t = p . 
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TeopeMa 2. IIo~cHcTeMa Q , KOTOPYJO B Q -cHCTeMe W J (I) 

nopo~eT MHOJKOCTBO V= { Vn, n EJ}, r~e V0 = Io, Vm= { v,m, v;', ... } , 

m EJ, CB060,I(Ha HB,ll; STI1M MHOlKOCTBOM. 

~OKaSate~CTBO. ~ ~OKaSaTe~:&CTBa nOKaJKOM, ~TO Q HSO-

MOpPHa CBp6o~HOif HB,ll; MHOJKOCTBOM 'f...= [Xn, n E.J } .Q -C11CTeMe 

WJ (X), r~e X.=l 0 , a BC.f:lKOe Xm={)(~, )(~, · · ·} - c~eTHO. 

Onpe~e~M CTo6paJKeHHe T = { '1:" n , n E. J} , 'tn : Xn - V n · IIo~o

lKHM, ~TO 'Co - TO~€CTB€HHOe OT06paJK8Hl1e Ha X.=V0 l1 (y.~ )-rm = 
m m X -J T m m = V 1: ,nJII1 BCBKHX )(t E. m , mE. • aK ltaK V -t ""' Vp np.VI 

t =;6 p, 'L'O c 6y~eT BSaHMHOO,I(HOSHa~HbiM OT06paJK8Hl18M Ha BCe 

MHOJKeCTBO V 11 TaK KaK WJ(X) cBo6o~Ha Ha,n; 'f... , To -r o~-

HOSHatJHO npo~OJDIWMO ~0 SITI1MOJXPI13Ma ~ : 'WJ ( X)-Q. llOKaJKeM, ~TO 

~ - B3al1MHOO~H03Ha~HO. 

IIpe~O~OJKHM, ~TO HOKOTOpble napbl HepaBHbiX C~OB I'l3 '\JJ it.\ 
OT06paJKaiDTC.f:l np11 ~ B OMH a~eMeHT. Bb!6epeM ope~ BCeX Ta

KHX nap C~OB napy W1 ,W 1 E:Wn(X\.W1#W2 , ~M KOTOpOH h(w,) 6u
~O 6H HaHMeH:&W11M. HcHo, ~To hlw,l ~ hCw1), HHaT.Je 611~a 6H 
Bb16paHa napa w'l., w~ . 

3aMeTHM, T.JTO ec~ w = o: TO wY= o:, h(w~)=1; ec~ w E.Xn, 
To npH n = 0 I'lMeeM h(w~) = 1,' Ho w~ cf. 0~, a npn n> 0 >IMe-

eM w I' E. V n 1'1 cor ~acHo IY. 3 c~oBo w ~ - npo113Be~eH11e, 
h (w~l > 1 ; ec~ w =a~ ... am)(;' - npoH3Be~eHMe,w TO wY = o; ... 

···a~ v; - npoH3Be~eHHe, h(wY)>1~ ec~ w=L.a, - cyMMa, 

"' ~ 
TO W~=LDt - CYMMa, h(w'~)>1 H E..(W)=Uw'l). B~ onpe-

~e~eHH.H paBeHCTBa C~OB HeBOSMOlKHbl C~aH, KOr~a h(w,) = h(Wz\ = 
= l,PJJm KOr~a W1 = 0~, 11~ KOr~a O~HO 113 C~OB W, w 2 - npo-

.H3Be~eHHe PJJm np11H~eJmT MHOJKOCTBy X n , a .rwyroe - cyM-

Ma, ·H~ Kor~a W1 , w2 o6a cyMMH H E-.(w,) # E..(w 2) Tio

STOMY HB,IJ;O paccMaTpHBaT:& ~ill:& C~e,DyKlllll1e C~aH. 

~ n m ~ n '1 
I. CJIY~al'l W1=X1:E.'I..n,W2=a, ... amx~. Tor.n;a w, =Vt, w2 = 

Y \' m '1 ~ r f ( q) =a, ... amv~. TaK KaK 113 w1 = w'l. c~e~eT t...~w,) = £.. w2 

1'1 E..twil= E.o(v;)E.Zn,£.(wi)=£..(a~ ... a~v~) e.Irn, To n=m. 
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f t I I '1 Y n f I 1 
Ec~11 n = 1, TO W 1 = V t = Ut+

2 
I 2 , W 2 = Q 1 V ~ = 0 1 U ~+l 2 2 

11 113 w'1 - w Y I - 2 
1 ~ '1 ~ 1 1 I 

cJiemreT u t+l = £.,(w 1) = t)w2) =0~ u~+l•U\:+ 1= E.1(Ut+'l.)= 

( '1 I ~ I t = t. 1 a, u Hl) = a, u5 + 1 l'l T • .n; •• Ec~H npe~no~arar:&, ~To s < , 

TO nocJie H8CKOJI:&K113 rnaroB no~11M U.t_~+t =a,~ U 1

1 , t-S+I > 11 'ITO 

HeB03MOJKHO 113-3a t-.(u.~. ) = 2~ +Z: = t..(qf1 u
1
). Ec~ npe~o~a-

-.-~+1 ' 1 

raT:&, ~To '!> ~ t , TO TIOJIY'I.I1M 
t ~ 1 

u1 =a, u ~-t+l ll ~- t+l ?1, ~TO 

OII.f:lT:& HOB03MOJKHO ll3-3a h (U:) = 1 < h(a ~)+ ~- t+ I= h (a; U \-t+ 1) · 

Y m n nn n ~ ~ 9n 
E)J~l'! n>1, TO W1 =Vt=Ut+lU 2 2···2,W 2=G1 ... anVs= 

_ Y ~ ( n n n n) 1 ~ ~ n ) ( ~ Y n) l Y Y ") ( Y ~ n) -Q, ... an U~+2 U 2 2 ... z =,a, ... QnU~>l Q1 ... QnUt G1···0n2 •.. a1···Cn2, 

n 1 ~ ( Y) '1 y n OTKy~a U2 = E. 2,W 
1

) = f-2 W1 =a, ... OnUt , ~TO OII.f:lT:& H€B03MOJKHO 113-

:.;a h(u~)='2.<maxhtat) ... '2.=h(a; ... a~un 

m b L 2. C~a:ld w, = 0 1 ••• amxt, w2=b1 ••• Lx~. ToT.JHO TaK JKe,KaK 

B CJIY~ae I, rro~HM, ~To m = L. 

Ec~ m=1, 
9 Y t Y t 1 y by I I 

TO w4 =0 1 Vt=0 1 Ut+l21' W 2 = 1UH2 I 1 . 

Eb~ npe~O~araT:&, ~TO t > ~ • TO nocJie H8CKOJI:&K11X waroB TIO-

JIY~HM Q9 u~ =bl'ut t-~+1>1, ~TO HeBepH0,1160 £o(a:u
1
t 1)= 

\ --~+1 1 t , ' -~ + 

I 1 ( 9 1 ) 
= I '2. ~ ! 1 = E.o b 1 U I • TO'IHO TeK JKe Be~eT K npoT11Bope~MID 

npe~OJIOJK8HH8 .::, > t , CJie,I(OBaTe~:&HO , ) = t H noc~e HOCKOJI:&-

~ " b KHX warOB nOJIY~HM a 
1 

= b 
1 

• TaK KaK W1 =f W2 , TO a, =f t , ~TO 

I'l3-3a h(G 1)<h(wtJ, a;= b; npOT11BOp8'll'IT BH60py C~OB W1 W2 · 

y y Y m Y I' ( m m m m) 
Eo~ m> 1, TO W1 =a, ... amvt =0 1 ···DmUt+ 2 U 2 U~···Ut ' 

\' bl' by m by b\' ( m m m m) 
W 2 = 1 .. • m VI = 1 •• • m U ~ ... 2 U 2 U 1 • • • U t ' 
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OTKy,na 

~ y m b~ ~ m 
a, ... amut+l = , ... bmu~+l.' 

a~ ... a~u~ ~ ~ m b, ... bmUz · 

J13 (8) ITOJIY"'HM 

~ y m ~ y m ( ~ ~ m) b~ b ~ m 0 1 ... Omut = E-1(0 1 ••• DmU 2 ) = E- 1 b1 ••• bmUt = , ... mUt, 

OTKJ,ll;a 

a!= Et(a; ... a~u~) = ~,(b; ... b~u~) = bt 

ITPM BCeX L • 113 (7) ITOJIY"'HM Tenepb, '-ITO 

max h(aLl+t+?. = h(a; ... a~u;+1) = h(b; ... b~ u~+zl = 

=max h(b~)+ ~+ '2.= max h(a~)+~ +2, 

(7) 

(8) 

OTKy,na ~ = t. TaK KaK W1¥ Wz, TO eymeeTByeT HH.n;eiW t, TaKOH, 

~ y 
'ITO a~ "I= b~, HO H3-3a h (ad< h(w,), a i = b L STO ITPOTMBOpeqHT 

Bb!6opy eJIOB W1 , W'l. · 

_ w w yw~ y"'Y 
3. CJIY"'al! w, ='La,, W·z.='L b,. Tor.n;a w, = L.o i, w2 = L. b, 

H H3 y 'i' y y y ~ • 
Wi = W'l. eJie.nyeT a L = t<(Wt )= t,(w.J=hc ITpH BCex t, · 

TaK KaK W1 #- Wz, TO eymeCTBYeT HH.n;eKy t, TaKo.ti, 'iTO a,~ b,, 

HO HS-3a h(ai)< h(w,), at= bt 3TO 11pOTHBopetiMT BH6opy 

eJioB W4 , w2 . TeopeMa .n;OKa3aHa. 

ITyeTb J1 = [ J1 n, n E. J} - rrpOH3BOJibHM Q -cHeTeMa. Orr-

pe.n;e.JIHM HH.lJYKTPIBHO MHOJKeeTBa P0 , n e.J ITOJIHHOMOB (O,ll;HOMe-

eTHh!X WYHKI.Uili) Ha,n; A , paHr 9 ( p) H o6Jiaen onpe.n;eJieHIDI 

0' ( P) KruiW:OI'O ITOJIHHOMa P . 

Orrpe.n;eJieime Y. 

Y. I. llpH BC.fiKOM n E J ePJMBOJI ~ n eeTb 8.n;HHeTB8HHhr:ti ITO

.IIHHOM Pl3 P n P8HI'OM I, 0" ( ~ ") = ft n . 

llyeTb HaTypaJibHOe 'lHeJIO g > i H Bee 110JIHHOMhl .1'!3 Be ex 

MHOJKeeTB Pn, ne.J paHrOB MeHblUe g YJKe onpe.n;eJieHu. 
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Y .2. EcJm a, ... ,a,_,, ClL+t> ... ,ClmE.An, q.e.Pn, nE.J,wE.2m,m-:.O 

H g(~)= g-1 
1 

TO Bl:lP8JK8Im8 O, ... Q._ 1 q.a~ ... t"'amW• ~=l, ... ,m 

eeTb ITOJIHHOM paHI'OM g H3 Pn e o6JiaeTbJO onpe.n;eJieHWI IJ(q_) · 

y. 3. Ec.JIH a, , ... ,a,_p a,+,, ... ame.An, 9. E Pn' ne.J, a EAm. m e.J 

H g<q.l = g-1, To Bh!paJKeime a1 ... a._,~a,+1 ... ama, ~=l, ... ,m 

een no.JIHHOM panroM g PI3 Pn c o6JiaeTbJO onpe.n;eJieHP!.fi 0' <q.) · 

Y.4. EcJIH a., ... ,OmE.Ln, q.cPrn,nEJ,me.J H glq.\= g-1, 

TO BlfP8JK8HPJe a1 ... am q, eeTb ITOJIHHOM paHI'OM g }!3 Pn e 06Jia .. 

eTbJO onpe.n;eJieHP!.fi 0' ( q.). 
06R'IHhlM o6pa30M orrpe.n;eJI.fieTC.fi 3Ha"!eHPie p(a\ e. An rroJIHHO-

Ma ? E. Pn B TO"!Ke a e: O'(pl· 

ilyCTb ~ - TaKOe 6HHapHOe OTHOUI8HHe Ha Q -cHeTeMe .ft , 

"'TO <? n (An l( Am) = ¢ npH n * m, n, m E.J. 0603H8"1HM ~ = '? u '?-t. 
Ey.n;eM rooopHTb,,"'TO rroeJie.n;oBaTeJibHOCTb rroJIHHOMOB p,, ... 
... ,pre. Pn, n e.J ~ -coe.n;HH.fieT eJioBa a, a'e.J\n, eeJIH eymeeT

ByJOT a.,a~,~=\, ... ,r TaKile, 'lTO a·,~a{,a,, O~E.O'(p•), O=pt(at), 
p,(a',) =p,+1 (a,+ 1), ~=l, ... ,r-1, pr(C'r)=a'. 

TaK JKe, KaK lf ,ll;JI.fi 06HtiHHX YHHBepCal!bHHX aJire6p, MOlKHO 

IIOKa3aTb (eM., HarrpPJMep, [2]), 'iTO MHHHMal!bHyJO CO,ll;8plK8.li1YlO 

~ KOHI'PY9HIJ;HIO 0 Q -eHCTeMhl .ft MOlKHO orrpe,neJIHTb TaK: ,ll;JI.fi 

JIJ06WC a, Q
1
£ A HMeeM aea' Tor.na .11 TOJibKO Tor.n;a, Kor.na 

Q = a' .11JIH eymeeTByeT ITOCJI8,ll;OBaTeJibHOCTI> IIOJIHHOMOB, ~ -

-coe.n;HH.fiJOll(JJO a , a '. 
~ CB060.n;HHX 5( -cHeTeM STY KOHCTPYKURIO MOlKHO yrrpo

eTl!Tb • .1lmi aToro orrpe.n;e.JIHM MHOlll.eeTBa Fn~ P0 ,nE.J erreqHaJib;.. 

HHX ITOJIHHOMOB Ha,ll; WJ ()(.). 

Orrpe.n;eJieHHe YI. 

YI.I ~n.e:Fn,ne.J. 

YI.2 a .... am~mE.F", nE.J. 

llyCTb HaTypaJibHOe tiHCJIO 9 > I H BCe eneqHaJibHhl8 IIOJIH

HOMH Ha.n; 'W J ( l() paHI'OM M8Hblll8 q p;.e orrpe,neJieHH • 

YI.3 Ec.JIH ~E. Fn, TO a, ... a,+,q.a~·+l'"amwE.Fn· 
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YI.4 ECJiil q,E. Fn, XE.Xm,TO a, ... a,_,q,a,+l ... amxE.Fn· 

.JleMMa I. TiycTI> p- rroJIHHOM Ha,n; WJ(X), a,a'etr(pl TaRHe, 'iTO 

Q~Q 1 • EcJIM p(O) of= p(a'), TO Cyrl(8CTBJ8T C08,IU1Hf!!Oll(M CJIOBa 

W =pia). w'=p(O') IIOCJI8.1:(0BaT8JibHOCTb CIIe[\MaJibHhlX IIOJIHHOMOB. 

JloRa3aTeJibCTBO. JlORaJK8M JTB8plK,n;8Hl18 ilH.n;YK~eK ITO 9 lp) · 

ITo YI. I rroJIHHOM paHra 1 crreuna.m,HHii, TaR 'iTO rrpH g lp) = 1 

IIOJIRHOM p CaM COCT8BJUI8T ilCROMJIO IIOCJI8.1:(0BaT8JibHOCT:b. ilyCTb 

g > i , g ( p) = g il yTB8pJK,n;eHMe YJK8 .1:(0Ka3aHO ):(.lUI BC8X ITOJIR

HOMOB paHrOM M8Hb!ll8 g · 

I. CJiy-qai1 p=w, ... w._,q.wt+1 ... wmw. BBn.n;y g(g)<g rro 

IIp8.l:(IIOJIOJK8HMIO RH.l:(YKL\MM Cyrl(8CTBJ8T C08.l:(ilHfi!Oll(M CJIOBa q_.lo), q(a') 
IIOCJI8.1:(0BaT8JibHOCTb CII8UllaJibHhlX ITOJIHHOM::JB q_,, · · ·, q,~ · BBil.l:(y 

Y. 3 38 HCKOMJIO MOJKHO B3.ffTb IIOCJI8.1:(0BaT8JibHOCT:b p, , . · ·, p 2, r.n;e 

Pj=w, ... wL_,q,jwl+i···WmW, j=l, ... ,r. 
2. CJiy-qaii p=w, ... w,_,q.wL+I···WmW· B 3TOM CJIY'!ae npHMeHHM 

BCIIOMOr8T8JibHyiO -'iH.l:(YKL\MIO · llO h(w)· EcJIH h(W) = 1, TO !Ip~l 
m n ') W = 0'1 HM88M p(a)= 0.., = p(O , a ITpH W=XE.Xm .1:(0R838T8JI1>-

CTBO aHaJiorH'iHO TaKOBOMY B CJiy-qae I. ITycTI> HaTypaJibHoe 

'lHCJIO h >I, h(w) = h H YTB8pllt.l:(8HH8 YJK8 .l:(ORa3aJIO BO BC8X CJIY

'IMX, Ror.n;a h (w) <h. 

w 

2.1. EcJIM W=I_a~,wEQI(, TO paccMoTpMM rroJIHHOMhl CVi=w .... 
· ·· wL_ 1 q,w,+1 ... wma,, j=1, ... ,K. TIBH.n;y g (q_.jl < g cymecTByeT no 

IIpe.l:(IIOJI0~8H.I:!IO HH.l:(YK[\MH IIOC~8.l:(OBaT8J!bHOCTb Cli8U.I:!aJibHhiX ITOJI.I:!

HOMOB, C08;LJ,I!!HfiiOLUM C.J:OBa ~j(a), qj(a') H TO'iHO TaR JK8, KaK B 

CJiy-qae I OTCIO.l:(a BHBO.l:(HTCli, 'ITO Cyll(eCTByeT IIOC~8.1:(0BaT8Jib-

HOCTb cneUHaJibHhiX rroJIHHOMOB, coe,IU1Hf!IO!UM CJIOBa Pi !a). Pi (a'), 

r.n;e Pi=~,(a') ... q.j_,(a'lq.j 9i+,(al···q.K(a)w. BBn.n;y pj(a'l=pj+1(a) IIOJIY-

~.I:!M .I:!CROMyiO IIOCJI8.1:(0BaT8JI:bHOCTb, C08.1:(.11H.I:!B C08.l:(MHHIO!l(I!l8 C~OBa 

p j (0), p j( 0') IIOCJI8.l:(OB8T8JibHOCTH. 

2.2. ECJIH W=a, ... QK)(, TO paCCMOTpHM IIOJIHHOMH ~j=W1 · .. 

···We-I q,w,+, .. ·Wm~, j=I, ... ,K .1:! llpoBe.l:(eM paCCyllt.l:(8HH.ff, aHaJIOrWl-

HHe TaKOB~M B CJiy-qae 2.1. 

3. CJIY'!aM p = w, ... w m cy . IIpH g ( q.) = I rrOJIHHOM p caM 

CIIeUHaJibHHH. llpH ~ ( q,\ > 1 o6pa3y8M BCllOMOraT8JibHhlH IIOJI.I:!-

HOM p'· 
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3.I. !1pn D=o, ... a. a·a .... qKw rroJIOJIG1M n'~w, ... wma·, -v 1.-1 -v L-+1 -v !I 

P·=\·w.'".wma,) ... (w, ... w D· )n"(w, ... wmD· ) ... (w, ... wma")c.J . 
1 , m u- 1 1' Lo+~ " 

r--< r il 1 

.J.2. Tipn q,=a, ... a,_,q,a,+, ... aKw IIOJIOJIG1M q.=w, ... wmq., 

p' = iw, .. · Wm O,J ··· (W1··· Wm 0 L-l) q,"(w, ... wm 0 L+t) · · ·(W 1 ··· WmO K)w 

3.3, I1pM q.=a, ... a .. q) IIOJIOJKllM p'=(W1···WmDt)···(W1 .. ·WmaK)q:. 

Bo Bcex CJiy'lMX p'(a)=w, p'(a')=w'. IIo::~ToMy B cJiy-qa.Hx 

3.1 H 3.2 .l:(ORa3aTeJibCTBO CB8JIOC1>, BBll.l:(y g(p') = g(p), R pac

CMOTpeHHhlM Bhllll8 CJiy-qa.ffM I If 2, a B CJIY1188 3. 3 y•rBepJK,n;eHMe, 

BBll.l:(J g ( p)' < g ( p) , BepHO ITO rrpe.n;IIOJIOJK8HHIO HH.n;YRUHIJ:. .JleMMa 

.n;oKa3aHa. 

H3 .n;oKaaaHHo.i1 JieM~ H H3 npnBe.n;eHHoro BHme orrpe.n;eJieHHH 

M.I:!HHMaJibHOH CO.l:(8plK81118H OTH01118HM8 ~ KOHrpyamum CJie.l:(yeT 

TeopeMa 3. EcJIH ~ - T8K08 6HHapHOe OTH01118HHe Ha CB0-

60.l:(HOM Q -cliWTeMe WJ(X), 'ITO ~n(Wn(X)x Wm(X))=¢ npM 

n # m, n, m EJ 11 8 - MHHMM8JibHM C0.1:(8plK8l!IM ? KOHI'py3HIUI.ff 

Q -CHCT8Mhl WJ (X) TO llp.l:! BC.ffR.I:!X W,W
1
E.W(X) HM88M W 8 w' 

Tor.n;a .1:1 TOJibRO Tor.n;a, Kor.n;a w = w' RJIH cymecTByeT ~ -coe

.D;HHfiiO!l(M CJIOBa W, W 1 IIOCJI8.1:(0BaT8JibHOCTb Cll8U>iaJibHHX IIOJIH

HOMOB. 
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